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1. Introduction

One of the interesting features of the black hole in N = 2 supersymmetric theories is the

attractor mechanism [1 – 3]. In this mechanism the values of different scalar fields at the

horizon are determined entirely by the charges carried by the black hole regardless of their

values at asymptotic infinity. Another important feature of the N = 2 supersymmetric

theories is that the theory can be described by a function so called prepotential. Actually

by making use of this rich structure of the supersymmetric black hole, one can study

different aspects of these black holes such as the entropy.

In fact the entropy of 1/2-BPS black holes in N = 2 supersymmetric string theories

in four dimensions has been calculated which is in agreement with microscopic counting of

the states of the corresponding brane configurations representing these black holes [4 – 8].

Recently it has been shown that the Legendre transformation of the entropy with

respect to the electric charges of the black hole is related to the prepotential. This obser-

vation has led to a conjecture relating the entropy to the partition function of topological

string theory [9 – 14]. It could also give a practical way to compute the entropy of the black

hole.

So far we have considered only the cases where the theory is supersymmetric. One may

wonder if there is similar structure for non-supersymmetric black holes as well. Actually

it has been shown that the attractor mechanism can also work for non-supersymmetric

extremal black holes [15 – 22]. Having had the attractor mechanism one would like to know

whether this can be used to study different aspects of non-supersymmetric black holes such

as entropy.

More recently it has been shown [23] that the similar structure as what we have in the

supersymmetric black hole appears in the non-supersymmetric case as well. This obser-

vation has provided a simple method to compute the entropy of a spherically symmetric

extremal black hole in a theory of gravity coupled to abelian gauge fields as well as neutral
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scalar fields with arbitrary higher order derivative interactions. In this method one first

defines the entropy function which is a function of the parameters labeling the near horizon

background. By extremizing this function with respect to the parameters one can find the

values of these parameters in terms of the black hole charges. Moreover the entropy of the

black hole is equal to this function at the extremum.1

To be precise let us consider an extremal D-dimensional black hole whose near horizon

geometry is AdS2 × SD−2 and carries electric and magnetic charges. We have also several

scalar fields. One can define the entropy function by the Lagrangian density evaluated

for this background integrated over (D − 2)-sphere. The Legendre transformation of this

function with respect to the electric charges, evaluated at the extremum, is equal to the

entropy of the black hole divided by 2π. In this sense the entropy function plays the role

of the prepotential in the supersymmetric case. This method has been used to compute

corrections to the entropy of the different black holes due to higher order corrections to

the effective action [26, 27]. It is the aim of this article to further study this method for

non-supersymmetric black holes which exhibit attractor mechanism.

The organization of the paper is as follows. In section 2 we shall develop the procedure

of evaluating the entropy function for those extremal black holes which exhibit the attractor

mechanism. Using this method we will reproduce the results of [17]. In section 3 we will

compute corrections to the entropy due to higher order corrections to the action using

entropy function. We will consider a particular form of the higher order corrections, namely

the Lovelock type action. In section 4 we shall consider a specific model in which the

equations can exactly be solved. In five dimensions this model can be treated as a toy

model for the five dimensional black hole considered in [28]. We will also compute R2

corrections to the entropy and find the same structure as that in the supersymmetric case

which has recently been computed2 [29]. The last section is devoted to the discussions

where we present different aspects of the models we are considering. In particular we see

how one can naturally defined a C-function for the models we are studying and how this

function gets corrections due to higher order corrections to the action.

2. Entropy function for non-supersymmetric attractor

In this section we shall study extremal black hole solution in D-dimensions whose metric

has the following form

ds2 = Gµνdxµdxν = −a2(r)dt2 +
dr2

a2(r)
+ b2(r)dΩ2

D−2, (2.1)

where a2(r) has double zero at horizon. This black hole solution will also be supported by

some scalar fields as well as electric and magnetic fields.

1We note that similar function has also been found in the supersymmetric case in [24, 25]. Although in

the supersymmetric case is was not called entropy function, it has precisely the same preoperties.
2The entropy of 5-dimensional black hole in the presence of higher order corrections was also studied

in [30 – 32]
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One might think about this as a solution of an effective action which typically could

have the following form

I =
1

κ2
D

∫

dDx
√
−G

(

R − 2(∂φi)
2 − f

(e)
ab (φi)F

(e)
a F

(e)
b − f

(m)
αβ (φi)F

(m)
α F

(m)
β + · · ·

)

, (2.2)

where dots stand for higher order corrections. Of course we note that, in general, adding

higher order terms to the action could change the shape of the metric, nevertheless we will

assume that the isometry of the metric remains unchanged though the metric components

might get corrections. The only point which is crucial for our consideration is that a2(r)

has double zero at the horizon. In other words, we are interested in the extremal black

hole solution.

We would like to study the entropy one can associate with this black hole. These kinds

of black holes and their properties including entropy have recently been studied in [17] in the

context of non-supersymmetric attractors where the authors showed that these solutions

exhibit the attractor mechanism by which several moduli fields are drawn to fixed values

at the horizon of the black hole regardless of the values they take at asymptotic infinity. It

has also been shown that the entropy of these black holes is given in terms of these values

at horizon.

Here we shall use another approach to find the entropy of these extremal black holes.

Following [23] we will first define entropy function which leads to a simple method to

evaluate the entropy of the black hole. Being simple, this method can also be used to find

the corrections to the entropy when we are taking into account higher order corrections to

the action.

To proceed we shall use the general formula for the entropy in the presence of higher

derivative terms which has been studied in [33 – 37]. In our case, taking into account that

the covariant derivatives of the tensor fields are zero, we get

SBH = 8π

∫

dD−2x
√

GD−2
∂L

∂Rrtrt
grrgtt . (2.3)

As it was shown in [23] one may find a simple expression for the entropy of the black hole,

using a particular rescaling of the coordinates. To be specific let us consider the following

extremal black hole solution of the action (2.2) [17]

ds2 = −a2(r)dt2 +
dr2

a2(r)
+ b2(r)dΩ2

D−2, Fα
D−2 = pα√ωD−2, (2.4)

where ωD−2 is the determinant of unit (D−2)-sphere. We also have a non-zero scalar filed

φ.

To find the entropy function and thereby the entropy one considers an ansatz for the

extremal black hole solution at near horizon as follows

ds2 = v1

(

−a2(r)dt2 +
dr2

a2(r)

)

+ v2b
2(r)dΩ2

D−2, Fα
D−2 = pα√ωD−2, (2.5)
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We note that in our notation one has Rtrtr = −a2(r)′′

2v1
gttgrr, which can be used to write the

entropy formula as the following

SBH = −2π
2

a2(r)′′

∫

dD−2x
√
−G

∂L
∂Rµνρσ

Rµνρσ, (2.6)

for µ, ν, ρ, σ = r, t, where a2(r)′′ = d2a2(r)
dr2 .

Let us define Lλ to be the same as the original Lagrangian except that each factor of

Rrtrt in the expression of the L is multiplied by a factor of λ. Thus one can rewrite the

above equation as

SBH = −2π
2

a2(r)′′

∫

dD−2x
√
−G

∂Lλ

∂λ

∣

∣

∣

∣

λ=1

= − 4π

a2(r)′′
∂fλ(~p, vi, φ)

∂λ

∣

∣

∣

∣

λ=1

, (2.7)

where the function f is defined by

f(~p, vi, φ) =

∫

dD−2x
√
−G L, (2.8)

and the right hand side is evaluated in the near horizon geometry (2.5). Here we have

assumed that the solution has a horizon at r = rH where a2(rH) = a2(rH)′ = 0 and the

above expression has ultimately to be evaluated at r = rH . On the other hand the other

parameters such as vi can be found using their equations of motion. We note, however,

that f is a function of r which in our procedure it is taken as a fixed parameter. In fact

as we shall see the r-dependence will be dropped in the final expression for the entropy.

Actually since we are interested in the solutions which exhibit attractor mechanism, near

the horizon one may assume that a ≈ 1 − (rH/r)D−3. Therefore near the horizon we can

define a new coordinate r̂ = r − rH such that a ≈ (D−3)r̂
rH

. In this coordinates system the

solution near the horizon is AdS2 × SD−2.

Using the same argument as [23] one can see that the function fλ must be of the from

v1f̃λ(~p, φ, v2, λv−1
1 ) and thus we arrive at

λ
∂fλ(~p,~v, φ)

∂λ
+ v1

∂fλ(~p,~v, φ)

∂v1
− fλ(~p,~v, φ) = 0. (2.9)

Therefore setting λ = 1 in (2.9) and using the equations of motion one can find an expression

for the entropy in terms of the function f as follows

SBH = − 4π

a2(r)′′
f. (2.10)

Here the left hand side is evaluated at the near horizon when the parameters vi and φ are

fixed using their equations of motion which can be given by extremizing f with respect to

the corresponding parameters

∂f

∂φ
= 0,

∂f

∂vi
= 0. (2.11)

Here we assume that these equations have a solution.
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Actually this is a special case of what considered in [23] where the entropy is found to

be the Legendre transformation of function f , defined as (2.8), with respect to the electric

charges. But in our case since the solution carries only magnetic charge the first term in

the Legendre transformation is zero. We will come back to this point later.

To see how this formalism works let us compute f for the solution (2.5). Doing so we

arrive at

f =
ΩD−2

16π
v1v

(D−2)
2

2 bD−2

(

(D − 3)(D − 2)v1 − 2(D − 3)2v2

v1v2b2
− (D − 2)!Veff

vD−2
2 b2(D−2)

)

, (2.12)

where Veff = fαβ(φ)pαpβ. In writing this equation we have used the fact that a2 has double

zero root at horizon and also b2(r)a2(r)′′ = 2(D − 3)2 in the near horizon limit. The

later assumption can be obtained directly from the equations of motion. Now we need to

extremize f with respect to vi and φ

∂f

∂v1
= 0,

∂f

∂v2
= 0,

∂f

∂φ
= 0. (2.13)

The last equation leads to ∂φVeff = 0 which we assume that this equation as a solution at

φ = φ0. From the first two equations one finds

v1 = v2 =

(

(D − 4)! Veff

b2(D−3)

)
1

D−3

. (2.14)

Evaluating f at these values we get

f = −2
ΩD−2

16π

(D − 3)2

b2

(

(D − 4)! Veff(φ0)

)
D−2

2(D−3)

. (2.15)

Therefore the entropy is given by

S =
ΩD−2

4

(

(D − 4)! Veff(φ0)

)
D−2

2(D−3)

. (2.16)

It is worth noting that the r-dependence is dropped in the final result and the entropy is

given by the value of the potential at its extremum which is given in terms of the magnetic

charge and fαβ(φ0). We note also that by plugging v1 and v2 into the metric, one can read

the radius of horizon in terms of the effective potential

r2
H =

(

(D − 4)! Veff(φ0)

)1/(D−3)

, (2.17)

in agreement with [17].

3. Higher order corrections to entropy function

In this section we shall study corrections to the entropy due to higher order corrections

to the action. In general adding higher order corrections can change the entropy in two

different ways. The corrections could be due to the additional terms in the action when we
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are evaluating f using the zeroth order solution for the metric and other fields. One may

also consider the case where the modification is due to the fact that adding these terms

would change the equations of motion and thereby change the solution. We note that in

the procedure we use to compute the entropy both effects will be taken into account.

To be specific we consider higher order corrections to the action to be of the Lovelock

type where the higher order corrections are given by the extended Gauss-Bonnet action [38]

I =
1

κ2

∫

dDx
√

G
∑

m=1

λm

2m
δρ1σ1···ρmσm

µ1ν1···µmνm
Rµ1ν1

ρ1σ1 · · ·Rµmνm

ρmσm
, (3.1)

where λm are free parameters which could be either constant or one may consider the case

where they depend on the scalar fields. δρ1σ1···ρmσm

µ1ν1···µmνm
is totally antisymmetric product of m

Kronecher deltas, normalized to take values ±1. For m = 1 setting λ1 = 1 we get standard

Einstein action, for D = 2m the mth term is topological and for D dimensional space-time

all terms for m > D/2 identically are equal to zero.

The corrections to the entropy of the small black hole in the heterotic string theory

due to this action has recently been studied in [27] where the near horizon solution is

AdS2×SD−2. It is the aim of this section to study these corrections for the extremal black

hole solution given by (2.4) using the procedure we have developed in the previous section.

To find the entropy we need to calculate function f for the solution (2.5) using the

above action. Actually it was shown [39] that for the metric of type

ds2 = gabdxadxb + r2(x)dΩ2
D−2, a, b = 1, 2, (3.2)

one gets the following expression for the Gauss-Bonnet densities integrated over the unit

(D − 2)-sphere

1

κ2

∫

dD−2x
√
−GLm = −ΩD−2

κ2

(D − 2)!

(D − 2m)!
λm

√−g rD−2m−2[1 − (∇r)2]m−2

×
{

2m(m − 1)r2[(∇a∇br)
2 − (∇2r)2]

+2m(B − 2m)r∇2r[1 − (∇r)2] − mr2R[1 − (∇r)2]

−(D − 2m)(D − 2m − 1)(1 − (∇r)2]2
}

, (3.3)

where R is the 2-dimensional Ricci scalar of the metric gab. Plugging the solution (2.5) into

the equation (3.3) and taking into account that all terms which have covariant derivative

vanish for the near horizon solution, one can find f as follows

f =
ΩD−2v1

16π

{

− (D − 2)! Veff

v
(D−2)/2
2 bD−2

+

[D/2]
∑

m=1

(D − 2)!

(D − 2m)!
λmv

(D−2m)/2
2 bD−2m

×
(

(D − 2m)(D − 2m − 1)v1 − mv2b
2a2(r)′′

v1v2b2

)}

. (3.4)

For m = 1 setting λ1 = 1 we get the leading order action studied in the previous section, the

other terms can be considered as higher order corrections to the action. We still assume

that a2(r) has double zero root at the horizon which means that although it might get

– 6 –
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corrections from higher order terms in the action the a2(r)′′ remains a non-zero constant

at the horizon. Actually this is the only assumption we make in the rest of this section.

Now the same as before we will consider b (or r) as a fixed parameter and extremize f with

respect to vi and φ. Then the entropy will be given by (2.10) at this extremum.

To get an insight how this procedure works, let us study some examples explicitly. In

four dimensions we have only m = 1, 2 and so we get

f =
1

4

(

2v1 − v2b
2a2(r)′′ − 2v1

v2b2
Veff

)

− λ2a
2(r)′′, (3.5)

from which one finds v1 = a2(rH)′′Veff(φ0)/2, v2 = Veff(φ0)/b
2 and therefore we arrive at

S = πVeff(φ0) + 4πλ2. (3.6)

Note that the entropy is corrected by a constant due to Gauss-Bonnet term. On the other

hand using this result and plugging them into the metric one can read the radius of the

horizon which is given by r2
H = Veff that is the same as the leading order which we have

studied in the previous section. We note, however, that λ2 could be a function of φ, i.e.

λ2 = g(φ)λ̃2. In this case although the expression for rH in terms of the effective potential

is the same as the leading order, it could get corrections due to the corrections of φ0 which

in this case it is the solution of ∂φVeff(φ) = −4λ̃2∂φg(φ).

In five dimensions we still have m = 1, 2 and the function f reads

f =
π

8

(

b
√

v2(6v1 − v2b
2a2(r)′′) − 6v1

v
3/2
2 b3

Veff

)

− 3

2
πλ̃2g(φ)

√
v2ba

2(r)′′, (3.7)

which upon extremizing it with respect to v1 and v2 one gets

v2 =

√

Veff(φ0)

b2
, v1 =

a2(r)′′

8

(

√

Veff(φ0) + 4λ̃2g(φ0)
)

, (3.8)

where φ0 is a solution of ∂φf = 0. The entropy is given by

S =
π2

2

(

V
3/4
eff (φ0) + 12λ̃2g(φ0)V

1/4
eff (φ0)

)

. (3.9)

It is worth noting that to get consistent results one needs to assume that ∂φf = 0 has

a solution. Since at leading order the function f is proportional to the effective potential

it means that the effective potential has to have an extremum. Taking into account the

higher order corrections, with φ-dependent coefficients, the condition cannot be given only

in terms of the effective potential and in fact one will have to put the condition directly on

f which is the generalization of the leading order condition. Namely the function f has to

have an extremum with respect to φ, i.e. ∂φf |φ0 = 0 must have a solution. Therefore as

far as the entropy computation is concerned we just need to extremize the entropy function

and the entropy is given in terms of the value of entropy function at extremum.

We note, however, that the way the entropy function is defined might give an insight

whether one needs to put another condition on f . In fact the function f is very similar

to what is defined as the free energy for a system with gravitational interaction [41] in

– 7 –
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which one can identify the free energy with the Euclidean gravitational action times the

temperature. If f could be interpreted as the free energy of the system, then one may

want to assume ∂2
φf |φ0 > 0 to get the stable solution where the free energy is minimum.

Otherwise the solution could be unstable which might mean there is not attractor behavior.3

Note that in leading order this condition is equivalent to have minimum for the effective

potential which is crucial to have attractor mechanism [17].

4. Exact solution

Let us now consider an explicit example in which the equations can exactly be solved.

To be precise consider a system with one scalar and two gauge fields and the following

potential

Veff(φ) = eα1φp2
1 + eα2φp2

2. (4.1)

For the 4-dimensional extremal black hole this potential have been studied in [17] where

the authors have noticed that for the special case where α1 = −α2 the entropy is given by

S = 2π|p1p2|. (4.2)

For α1 = −α2 = 2 it is in fact the supersymmetric black hole solution studied in [42]

whose entropy is exactly (4.2). Note that although for generic values of α1 and α2 the

solution is not supersymmetric, as long as α1 = −α2 the entropy is still given by (4.2).

Therefore one might conclude that as far as the entropy of the black hole is concerned it

is the attractor mechanism which plays the role which is the same for supersymmetric and

non-supersymmetric cases.

Let us now consider higher order corrections to this entropy using the results we

have presented in the previous section. To be concrete we shall consider the case where

g(φ) = eα3φ. In this case the critical value φ0 is given by the solution of the following

equation

e−2α2φ0 +
4λ̃2α3

α2p2
1

e(α3−α2)φ0 − p2
2

p2
1

= 0 . (4.3)

To proceed let us further assume that α3 = α2. For this case the entropy is given by

S = π|p1p2|
(

(1 − 4λ̃

p2
2

)1/2 + (1 − 4λ̃

p2
2

)−1/2

)

+ 4πλ̃

∣

∣

∣

∣

p1

p2

∣

∣

∣

∣

(1 − 4λ̃

p2
2

)−1/2. (4.4)

In the large p2, p1 limit, one may expand this expression to get

S = 2π|p1p2| + 4πλ̃

∣

∣

∣

∣

p1

p2

∣

∣

∣

∣

+ O(p−2
2 ). (4.5)

We note that if we had considered α3 = −α2, we would have gotten the same result as

above except that the leading order is now proportional to |p2/p1|.
3Non-supersymmetric attractor mechanism in the presence of R

2 correction has recently been studied

in [40].
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Let us also study the five dimensional extremal black hole with the same potential as

above, though here we will consider the case where α1 = −2α2. We shall first evaluate

the entropy in the leading order which is given in terms of the effective potential Veff(φ0)

where φ0 is given by

eα2φ0 =

(√
2p1

p2

)2/3

, (4.6)

and therefore we arrive at

S =
33/4π2

2

√

p1p2
2

2
. (4.7)

This could be compared with 5-dimensional black hole studied in [28], of course we have

an extra 33/4π/4 factor. Indeed as far as the potential is concerned this case has the

same potential structure as that considered in [28]. Therefore this model could be used to

understand the five dimensional black hole better. We will come back to this point later.

On the other hand adding the higher order correction to the action such that λ2 =

λ̃2e
α3φ and using the correction we found for the entropy for the 5-dimensional black hole

(3.9) and setting α3 = α2 one finds

S = (
33/4π

4
)

(

2π

√

p1p2
2

2

)[

1 + 28/3
√

3λ̃

(

p1

p4
2

)1/3

+ · · ·
]

. (4.8)

Higher order corrections for 5-dimensional black holes and black rings have recently

been studied in [29]. Of course in this paper the authors have considered BPS solution,

though in our case we have not assumed any supersymmetry. It is worth noting that

although our solution is not supersymmetric, we get a correction to the entropy which has

the same structure as that in BPS black hole studied in [29], namely setting p1 = 2p2 = 2Q,

the above equation reads

S = (
33/4π

4
)(2π

√

Q3)

(

1 + 23
√

3
λ̃

Q
+ · · ·

)

. (4.9)

It would be interesting to further study this case and compare this non-supersymmetric

model with the BPS black hole solution.

In general we can consider D-dimensional black hole solution with the above effective

potential. In this case assuming α1 = −(D − 3)α2, in leading order, one finds

S ∼ (p1p
D−3
2 )1/(D−3). (4.10)

5. Discussions

In this section we shall study different physical aspects of the black hole solutions we have

considered in the previous sections. So far we have studied higher order corrections to the

entropy of extremal black hole (2.5) by making use of the entropy function which can be

defined as the Lagrangian density integrated over (D − 2)-sphere. In this procedure one

only needs to know the behavior of the solution near the horizon. Although the Lagrangian
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density is in general r-dependent function, the r is treated as a fixed parameter. Of course

it will dropped in the final expression we have found for the entropy. In fact since the

physics is governed by the behavior of the black hole solution in near horizon limit, one

should set r = rH which can be found in terms of the effective potential in its extremum.

Of course it is not the only way to calculate the higher order corrections to the en-

tropy of an extremal black hole with spherically symmetric metric. Actually it has been

shown [43] (see also [39]) that for general relativity in D ≥ 3 dimensions one can find an

effective two dimensional theory which governs the conformal dynamics at the horizon and

the entropy of the black hole is given by the central charge of the corresponding Virasoro

algebra. It is interesting to compare this computations with what we have done in this

paper.

To do that we start from the most general action we have considered in this paper and

evaluate it for the ansatz (3.2) which leads to an effective two dimensional action such that

at near horizon one finds

I =
ΩD−2

16π

∫

d2x
√−g

{

− (D − 2)! Veff

bD−2
+

[D/2]
∑

m=1

(D − 2)!

(D − 2m)!
λmbD−2m

×
(

(D − 2m)(D − 2m − 1) − mb2R
b2

)}

. (5.1)

Here we have used the fact that the covariant derivative of different fields goes to zero near

horizon. Following [43, 39] if we define

ϕ =
2Φ2

qΦH
, g̃ab =

dϕ

db
e−2ϕ/qΦH gab, Φ2 = 2

ΩD−2

κ2
D

[D/2]
∑

m=1

mλm
(D − 2)!

(D − 2m)!
bD−2m, (5.2)

the above two dimensional effective action reads

I =

∫

d2x
√−g

(

1

2
(∂ϕ)2 +

q

4
ΦHϕR + U(ϕ)

)

. (5.3)

On the other hand for the extremal black hole we are interested in the two dimensional

part of the metric can be written as ds2 = a2(z)(−dt2 + dz2) where z =
∫

dr/a2(r). It is

easy to see that for the solutions we have been discussing in which a2(r) has double zero

at horizon, z → −∞ at r → rH . Now the crucial observation [43, 39] is that the trace

of energy-momentum tensor of this two dimensional system vanishes near the horizon and

therefore the theory of the scalar field ϕ approaches a CFT near the horizon with central

charge c = 3πq2Φ2
h. The entropy of the black hole is also given by

S = 2πΦ2
H =

ΩD−2

4

[D/2]
∑

m=1

mλm
(D − 2)!

(D − 2m)!
rD−2m
h . (5.4)

In particular for D = 5 case one finds S = π2

2 (r3
H + 12λrH) which upon using the fact that

in this case rH = V
1/4
eff one get the same result as (3.9). Writing the entropy in terms of

ΦH is instructive. Actually Φ2 as a function of r whose value at horizon gives the central
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charge of the CFT, can be treated as a parameter which tells us how near we are to the

horizon, where the theory becomes a CFT. Therefore it is tempting to consider it as a

C-function

C = Φ2 =
ΩD−2

8π

[D/2]
∑

m=1

mλm
(D − 2)!

(D − 2m)!
rD−2m. (5.5)

In fact for D = 4 and in the leading order, m = 1, it is the C-function introduced in [22].

Using the same argument as that in [22] one can see that it is a monotonically decreasing

function. Moreover as we have seen at the fixed point (horizon) it is the central charge of

the corresponding CFT.

So far we have only considered the cases where the black hole has no electric charges.

We note however that the procedure can be generalized for the case where we have electric

charges as well. For this case one may still concentrate at the near horizon solution where r

is kept fixed and indeed equal to the radius of the horizon and therefore the electric gauge

fields can be chosen as F a
rt = 4π

ΩD−2
ea. Using the same argument as [23] it is now easy to see

that in this case the entropy can be found from the Legendre transformation of f as follows

S =
4π

a2(r)′′
(ea ∂f

∂ea
− f), (5.6)

and the electric charges of the black hole is given by Qa = ∂f
∂ea which for our ansatz and

the action (2.2) it reads

Qa =
4π

ΩD−2

v
(D−2)/2
2 bD−2

v1
f

(e)
ab eb. (5.7)

By making use of this expression and plugging it into the equation (5.6), one can see that

the entropy is given by equation (2.10) with f defined as (3.4) but with a modified effective

potential. The modified effective potential is given by

Veff = f
(m)
αβ pαpβ +

2

(D − 2)!
f (e)ab

QaQb . (5.8)

where f (e)ab
is the inverse of f (e)

ab, of course we assume that it is invertible. This procedure

can also be used when we have axionic coupling as well.

Finally let us consider the five dimensional supersymmetric black hole studied in [28]

in more detail. The corresponding five dimensional action which can be obtained by com-

pactification of type II string theory on K3 × S1 in the Einstein frame is given by

I =
1

16π

∫

d4x
√
−G

(

R − 4

3
(∂φ)2 − e−4φ/3

4
H2 − e2φ/3

4
F 2

)

, (5.9)

where F is a RR 2-form field strength and H is a 2-form axion field strength arising from

the NS-NS 3-form with one component tangent to the S1. We shall consider the following

ansatz for the near horizon solution of the 5-dimensional black hole

ds2 = v1

(

−a2(r)dt2 +
dr2

a2(r)

)

+ v2r
2dΩ3, e2φ/3 = u,

Ftr = eF , Htr =
4

π
eH , (5.10)
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in which the entropy function, f , reads

f =
π

8
v1v

3/2
2 r3

(

6v1 − v2r
2a2(r)′′

v1v2r2
+

8e2
H

π2v2
1u

2
+

e2
F u

2v2
1

)

. (5.11)

Therefore the black hole electric charges are given by

QF =
∂f

∂eF
=

π

8

v
3/2
2 r3

v1
ueF , QH =

∂f

∂eH
=

2

π

v
3/2
2 r3

v1u2
eH , (5.12)

Now one needs to extremize the entropy function with respect to v1, v2 and u. Doing so

one finds

v1 =
a2(r)′′

8

(

8QHQ2
F

π2

)1/3

, v2 =
1

r2

(

8QHQ2
F

π2

)1/3

, u3 =
1

2

(

4QF

πQH

)2

, (5.13)

which together with (5.6) can be used to find the entropy as follows

S = 2π

√

QHQ2
F

2
. (5.14)

The radius of horizon is also found as

rH =

(

8QHQ2
F

π2

)1/6

. (5.15)

Essentially the result is the same as what we have considered in previous section up to

a numerical factor. To understand the origin of this numerical mismatch one may use

electric-magnetric duality to write the gauge fields as follow

F3 =
8

π
Qf

√
ω3, H3 = 2QH

√
ω3. (5.16)

We note that in comparison with (2.5) one needs to rescale pα proprely. Doing so and going

through the computations we find the correct numerical factors. Using the R2 correction

to the effective action one can also find the corrections to the entropy.
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